Let H(D) denote the space of all analytic functions on the unit disc D of the complex plane C, ψ 1 , ψ 2 ∈ H(D), and ϕ be an analytic self-map of D. In this paper, we characterize the boundedness and compactness of a Stević-Sharma operator T ψ 1 ,ψ 2 ,ϕ from Hardy spaces H p (with 1 ≤ p < ∞) to the logarithmic Bloch spaces B log .
Introduction
We begin with a brief review of relevant concepts and results in one complex variable. Let D = {z ∈ C : |z| < } be the open unit disc in the complex plane C, H(D) the class of all analytic functions on the unit disc.
For  ≤ r < , f ∈ H(D), we set 
The space B log is a Banach space under the norm f B log = |f ()| + f . Let B log, denote the subspace of B log consisting of those f ∈ B log such that
It is obvious that there are unbounded B log functions. For example, consider the function f (z) = log log e -z . There are also bounded function that they do not belong to B log . Particularly consider the inner function S(z) = e 
So, it is obvious that the interpolating Blaschke products do not belong to B log but to H 
The differentiation operator is typically unbounded on many analytic function spaces.
The operator T ψ  ,ψ  ,ϕ was studied by Stević and co-workers for the first time in [, ], also see [] . This operator is related to the various products of multiplication, composition, and differentiation operators. It is clear that all products of composition, multiplication, and differentiation operator in the following six ways can be obtained from the operator T ψ  ,ψ  ,ϕ by fixing ψ  , ψ  . More specifically we have
Product-type operators on some spaces of analytic functions on the unit disk have been the object of study for several recent years (see, for example, [ 
Auxiliary results
For a better understanding, in this section we list up the following four auxiliary results that are needed to prove our main results. The following lemma is folklore (see, e.g., [, ]).
Lemma . Assume that p ∈ (, ∞) and f ∈ H p . Then for each n ∈ N  , there is a positive constant C independent of f such that
The following lemma in [, p.] plays an important role in characterizing the boundedness and the compactness of the operators under consideration in this paper.
Lemma . Assume that p > , Then there is a positive constant C(p) independent of f such that
The following criterion for the compactness follows by standard arguments (see, e.g., the proofs of the corresponding lemmas in [, Proposition .] or [, Lemma .]). The details will not be pursued here. 
The following lemma can be proved similar to Lemma  in [] (see, also [] ). The details are omitted.
Lemma . A closed set K in B log, is compact if and only if it is bounded and satisfies
3 The boundedness of the operator T ψ 1 ,ψ 2 ,ϕ : H p → B log (B log,0 )
First we consider the boundedness of the operator T ψ  ,ψ  ,ϕ :
by Lemmas . and ., we have
On the other hand, by Lemma . we have
Applying conditions (.) and (.), we deduce that the operator
That means that there exists a constant C such that
By (.), (.), the triangle inequality, and the fact that ϕ ∞ ≤ , we obtain
, the triangle inequality, and the boundedness of the function ϕ(z), we have
For a fixed w ∈ D and constants a, b, we consider the following test functions:
By the elementary inequality (
A straightforward calculation shows that
where
where C  (p) = a + b - = . Thus for w ∈ D, we have
from which we get (.). For a fixed w ∈ D, set
It is easy to see that
By using the same argument in the above, we also have g w ∈ H p and sup w∈D g w H p ≤ C with a direct calculation. We can take two constants c and d in (.) such that g w (w) = g w (w) = , then
Hence, for w ∈ D,
According to (.), one has
Thus combining (.) and (.) we get the condition (.). Next, we prove that (.). To see this, for a fixed w ∈ D, put
We have h w ∈ H p and sup w∈D h w H p ≤ C. We can take two constants e and f in (.) such that h w (w) = h w (w) = , then
Thus for w ∈ D, we have
Combining (.) with (.) we get (.). That ends the proof of Theorem ..
The following corollary follows by setting ψ  (z) = ψ(z) and ψ  (z) =  in Theorem . at once.
Corollary . ([, Theorem .]) Let ψ ∈ H(D), ϕ denote an analytic self-map of D, then the weighted composition operator W ψ,ϕ : H p → B log is a bounded operator if and only if
The following corollary follows by setting ψ  (z) = ψ (z) and ψ  (z) = ψ(z)ϕ(z) in Theorem . at once.
Corollary . Let ψ ∈ H(D), ϕ denote an analytic self-map of D, then the weighted composition followed by differentiation DW ψ,ϕ : H p → B log is a bounded operator if and only if
By using the density of the set of all polynomials in H p , we can characterize the bound- 
Proof For the first half of the theorem we may assume that
Taking f (z) =  ∈ H p , we have
By (.), (.), the triangle inequality, and ϕ ∞ ≤ , we have
Using (.), (.), (.), the triangle inequality, and the boundedness of the function ϕ(z) we have
Hence (.) follows. The proof of the first half of Theorem . is thus complete.
As for the proof of the second half, we let T ψ  ,ψ  ,ϕ : H p → B log be bounded and (.), (.), and (.) hold. Then for each polynomial L, one has
from which it follows that T ψ  ,ψ  ,ϕ L ∈ B log, . Since the set of all polynomials is dense in H p , thus for each f ∈ H p , there is a sequence of polynomials
Since B log, is the closed subset of B log , we see that T ψ  ,ψ  ,ϕ f ∈ B log, , and consequently T ψ  ,ψ  ,ϕ (H p ) B log, , the boundedness of the operator T ψ  ,ψ  ,ϕ : H p → B log implies that
This ends the proof of Theorem ..
According to Theorem . we immediately get the following. H p → B log is bounded, ψ ∈ B log, , and 
4 The compactness of the operator T ψ 1 ,ψ 2 ,ϕ : H p → B log (B log,0 )
Now we are in a position to prove compactness. 
By (.), (.), and (.), we have for any ε > , there exists ρ ∈ (, ) such that 
, Lemmas . and ., one has
it follows that the operator T ψ  ,ψ  ,ϕ : B log → B log is compact. is vacuously equal to zero. Hence, assume that ϕ ∞ = , let {z k } be a sequence in D such that |ϕ(z k )| →  as k → ∞. We can use the test functions
f w here is defined in (.). Equations (.), (.), and (.) tell us that
We see that f k converges to  uniformly on D, hence f k converges to  uniformly on compact subsets of D. Then f k is a bounded sequence in H p which converges to  uniformly on compact subsets of D. By Lemma ., we obtain
From (.) and the compactness of T ψ  ,ψ  ,ϕ : H p → B log , we get
This proves (.).
Next, let
where g w is defined in (.). By a direct calculation, we find that g k converges to  uniformly on compact subsets of D, g k ∈ H p , and sup k∈N g k H p ≤ C. By Lemma ., we have
Note that from (.), (.), and (.), one has
From (.) and using the compactness of the operator T ψ  ,ψ  ,ϕ : H p → B log , we get that
By (.) and |ϕ(z k )| → , we have 
Next we consider the compactness of T ψ  ,ψ  ,ϕ : H p → B log, . The compactness of operators of which the range is in B log, has a close relation with Lemma .. 
